We study the high-energy behavior of the scattering amplitude and the total scattering cross section for a Dirac operator with a 4 X 4 matrix-valued potential. Moreover, in the electro-magnetic case, it is shown that the electric potential and the magnetic field can be reconstructed from the high-energy behavior of the scattering amplitude. The study of the high-energy behavior of the resolvent estimates is crucial for our proof. § 1. Introduction
§ 1. Introduction
The aim of this paper is to study the high-energy behavior of the scattering amplitude and the total scattering cross section for a Dirac operator. Moreover, in the electro-magnetic case, we show that the electric potential and the magnetic field (not the magnetic potential) can be reconstructed from the high-energy behavior of the scattering amplitude.
We define 4x4 matrices a =(° Oi ] 1<'<3 /3 = f /Z °" ' \o, OA ~J~ ' \0 -7 2 where /" is the n x n unit matrix and The symbol h(p) := ca • p+/3mc 2 , p e R\ of H Q has two eigenvalues ±AG>) : = ±Vc 2 |p | 2 H-raV, and each eigenspace Jf ± (p) is a two-dimensional subspace of C 4 . Each element of X ± (p^) describes an internal (spin) state of the free particle with momentum p.
When a magnetic potential ^L(r) = (^(z), A 2 (x\ A$(x)} and an electric potential 0(:r) exist, the Dirac operator has the form:
H= ca • (Z) (1.2) where (The factor e/c in front of A is omitted for simplicity, where e is charge of the particle.) We assume the following. Assumption 1. There exist a real p > 2 and an integer d > 2 such that each v = A l , A 2 , A 3 , 0 is in C d (R 3 ; E) and obeys <d for some C > 0.
In Sect. 2 we will define the scattering amplitude F (E, 9, co) , which is a linear map from X~(v(E)a)) to JT ± (^(£ 1 )^), for energy E with ±£ > me 2 , initial direction a) G S 2 and scattering direction 6 e S 2 , where S 2 is the unit sphere in R* and (1.3)
For a normalized initial state u EE X ± (v(E^(jo) , \ u\= I, the total scattering cross section is defined by (1.4) a(£, to, w) = f s2 \ F(E, 9 , to)w I 2 d0.
It will be shown in Sect. 2 that the scattering amplitude is well-defined for each (E, 6, to) if p > 3 and the total scattering cross section is well-defined for each (£, to) ifp > 2. To state our results on the high-energy asymptotics of F(E, 8, to) and a(£, to, w), we need some notations: For each to £ S 2 let II W denote a plane orthogonal to to, n w := {77 £ J2 3 77 • to = 0}, and define and + irf i r°° ]
(1. The latter theorem implies that the total scattering cross section has a limit independent of normalized initial internal states. Finally, we show that the scalar potential <p and the magnetic field rotA can be reconstructed from the high energy behavior of the scattering amplitudes. To do so we fix an orthonormal basis {uf(p)} 3 = it is an orthonormal basis of X + (p) and satisfies the above properties (see [Tha] ,
5) m~(a)):=--r iexp( v ±tl) (s(x) + 7i)ds) -l\dri,
Then the 2 x 2 matrix
Let w e S 2 and f e n w , f ^ 0. Then we can take a family of 0(E) e S 2 , |E|»lwith lim yCE)(0CE)-w) = £ I £ |-> oo Proposition 1.3. Suppose Assumption 1 witfi p > 3. Le^ a) ^ S 2 and f e n w , f ^ 0 awd Ze^ (0(^)} &e as above. Then we have
The integral with respect to 77 is absolutely convergent because of p > 3.
Proposition 1.4. TTze soz/ar potential (/> and the magnetic field rotA can be written in terms of the function G w (f) on {(co, f) e S 2 X^3 1 f e H w , f ^ 0}.
Combining the above propositions, we immediately obtain the following result. The same result for Schrodinger operators with A = 0 has been well-known since Faddeev [F] .
Theorem 1.5. Suppose Assumption 1 with p > 3. The scalar potential 0 and the magnetic field rot A can be determined by the high energy asymptotics off (E, 0, co\ Remark. Here it should be noted that it is impossible to determine the magnetic potential A itself because the scattering amplitude is invariant under the change A -> A + V0 if (p is a rapidly decreasing smooth real-valued function.
In general, a Dirac operator H has the form H = H Q +V, where V is the multiplication operator by a 4X4 Hermitian matrix-valued function F(x). Obviously, V = V A $in the electromagnetic case. In Sect. 2 the scattering amplitude and the total scattering cross section will be defined for a Dirac operator with a general potential V(x\ and a representation formula of the scattering amplitude will be given. In Sect. 3 it will be shown that Theorems 1.1, 1.2 and Proposition 1.3 follow immediately from more general results, i.e., Theorems 3.1, 3.2 and Proposition 3.3, respectively, and Proposition 1.4 is also proved. The limiting absorption principle, LAP, plays an important role in our proofs. Though the LAP for Dirac operators has been studied by several authors (see, e.g., [BMP] , [PSU] , [V] , [Yaml] ), they discuss it in finite energy regions except for [PSU] , and so it is needed to study the LAP for the high-energy range. In Sect. 4 we will give our result on the LAP for the high-energy range (Proposition 4.1). The proof can be carried out by combining the commutator method, due to Mourre, and a scaling argument in the same way as in the case of Schrodinger operators [Yaf2] , Theorem 2. Thus, we give only a sketch of the proof in Sect.6. In Sect. 4 we will also show that the operator e~' X£)w "*(#-£-zOrV XjB)ara: has a limit (in some sense) as E -> ± °° and the limit is expressed by the resolvent of some first order differential operator (Corollary 4.4). Theorems 3.1, 3.2 and Proposition 3.3 will be proved in Sect 5.
Recently, there are several works on scattering matrices for Dirac operators. See, for example, [BGU] , [BGW] , [BH] and the notes in [Tha] . § 2. Scattering Amplitude
To define the scattering amplitude we need a spectral representation of H Q . Denote by P ± (p) the orthogonal projection from C 4 onto the subspace X ± (p) and write Z + = (me 2 , +°°), £_ = (-00, -me 2 ), E = 2_UZ + . . We assume the following.
Assumption 2. There exist a real p > 2 and an integer rf > 2 such that each V jk , 1 < ;, /c < 4, is in C d (£ 3 ; C) and obeys
for some C > 0.
Obviously the potential V = V^, defined in the previous section, satisfies Assumption 2 if A and 0 satisfy Assumption 1. Under Assumption 2, H is a self -ad joint operator with domain D(/0 = D(HQ), and moreover the wave operators
£-*±oo exist and are asymptotically complete:
where J^(#) denotes the absolutely continuous subspace of J^(see, e.g., [Tha] 
This fact guarantees that L/^SL^" 1 is a decomposable operator on 2tf Q :
where S(E), called the scattering matrix at energy E, is a unitary operator on <%"(£). Under Assumption 2, S(£)-7 is of Hilbert-Schmidt class for each E e Z and its integral kernel is denoted by T(E, ft w) e JSCX^d/CE)^), X ± (v(E)^)), where (£, ft co) £ Z ± xS 2 xS 2 . The scattering amplitude with energy E, incident direction co and scattering direction 9 is defined by
which is well-defined for each (£, ft w) if p > 3. For w e X ± (i^(£)w) with I t/ |= 1, the differential cross section is defined by F(E, 6, co)w | 2 and the total scattering cross section is defined by (1.4), which is well-defined for each (E, co) and u for p > 2 (see Proposition 2.1 below).
We give a representation formula of /(£, 9, CL>) defined by (1.9). For s e E we define
Then, it is known that the following norm limits exist in B s , s > 1/2, uniformly for £ in any compact set of Z:
and that R(E±iQ) is a ^-valued continuous function of E. This fact is called the limiting absorption principle (see, e.g., [BMP] , [V] , [Yaml] ). We define an operator Q(£) := -V+VR(E+iti)V for each £^Z and a 4x4 matrix , 9, w) = (Q ; -,te ft co)) by
where e Q (p, r) = e*'* and {% J -}i< ; -< 4 is the canonical basis of C 4 : % l ='(1, 0, 0, 0), •", % 4 = '(0, 0, 0, 1). The following result is obtained by a usual way in scattering theory, and we give only a sketch of the proof. E, 8, <u) defined in (1.9) /zas £/&e following representation.
Proposition 2.1. Suppose Assumption 2. Then S(E) -I is of Hilbert-Schmidt class for each E £ I, and f(
(2.6) /(£, 0, w) -(27TC 2 )- 1 | E I (wf(K£)0) uf(v(E)6»*Q(E, 6, w)(wf(v(£)co) tt 2 ± (i/(£)cu)) /or£ (E Z+, w/iere (uf(v(E)O) M 2 x (vCE)0))
is f/ie 4x2matrix with the j-th column vector uf(v(E}0}. In particular, f(E, 0, <w) /zas ^e following properties:
(i) £<2c/z component of f(E,',co) is an L 2 (S 2 ) -valued continuous function of (E, w) (ESXS 2 . (ii) /(£", ft w)-/CE, w, 0)* is continuous in (E, 0, CD) <E S X5 2 X 5 2 .
Moreover, ifp>3, then S(E) -I is of trace class for each E ^ S, awd /(E, ft &>) zs continuous in (E
o/ ^ proo/. We define ^o(E) : L 2 (E 3 ,C 4 ) -* JT(E), s > 1/2, by 0 = ((% 0 0) (£))(•). Then the following relation is verified Taking account of this relation, we can derive Er fora.a.E in a usual way (see, for example, [Yafl] , p.94) and verify that the right-hand side is of Hilbert-Schmidt class if p > 2, and of trace class if p > 3. Therefore, from the definition of £/# 0 (£) it follows that (2.7)
here ljf±o( £ ) w ) denotes the restriction to X ± (v(E^)a)\ Hence, we obtain (2.6) by (1.9). The properties of f(E, ft o>) follow from those of Q(E, ft CD) discussed below.
We see that F e #a 2 _ s , L 2 ) for s + £ < p and raQ?±iO) 7 £ E_ s for s < p -(1/2) by Assumption 2 and the limiting absorption principle. Since % k & L 2 for any s < -3/2, the /-component of Q( 
where K ± (a)} = (ttfC 00 , &>) w 2 ± ( 00 , w)) is the 4x2 matrix with the ;-th column vector wf(°°, co). For each rj ^U^ let £//(£, 77) be a 2x 2 matrix-valued function on R satisfying the following equation:
It is easily verified that under Assumption 2 this equation has a unique solution and that the solution is a unitary matrix for each t and has a limit as t -> + °°:
Moreover, we have the following estimate easily:
Let ReU= (£/+C/*)/2. Then (tf-/ 2 )(£/*-/ 2 ) -2-2 Re f/, and hence as E -> ±00.
(ii) Let ((a -A) u£ , wf) c 4 = (( because each uf = wf(°°, w) belongs to JC^(w). On the other hand, taking account of (1.1), we get the well-known formula (3.13) (a-4)(a-w) + (a-6>)(a-4) = 2u-A.
Thus, (3.12) follows immediately. Substituting V = V A^ in (3.1) and using (3.12), we see that V^(x) is a scalar function: we see that 0 is determined by the function G w (f ) of (&>, f ) with co G S 2 , f ^ n w , because co can move on the whole sphere. To represent the magnetic field rotA in terms of /^ wA (tco + rj^dt, co e S 2 , 77 e n w , we prepare the following. 
. High Energy Behavior of The Resolvent
The following assumption on potentials is sufficient for the limiting absorption principle at the high-energy. Remark 2. Though the resolvent estimate for any compact energy range in Z has been already proved by many authors (see, e.g., [BMP] , [V] , [Yaml] ), the estimate for the high energy range (\ E\» 1) is, so far as the author knows, proved in only [PSU] above. On the other hand, in the case of Schrodinger operators, Yafaev [Yaf 2] has obtained high-energy resolvent estimates by combining the commutator method, due to Mourre ([CFKS] , [M] ), and a scaling argument (see also [J] ). His argument is applicable to our case, and we can prove Proposition 4.1 in the same way as [Yaf 2]. So, we will give only a sketch of the proof in Sect.6. £i°P roo/. We use the commutator method by Mourre (see, [M] , [PSS] , [CFKS] ). Let A be the multiplication operator by co'X. for any s > 1/2. In the case of the free Dirac operator, 7=0, this has been already pointed out by Yamada [Yam2] (see also [Yam3] ). On the other hand, in the case of Schrodinger operators, the following estimate is well-known for any s > 1/2:
for a large class of potentials v , and this estimate (4.4) plays an important role when one reconstructs v from the high energy behavior of scattering amplitudes (see, e.g., [F] , [N] , [SI] , [S2] ). Since a similar estimate such as (4.4) dose not hold in the case of Dirac operators, we need a more detailed information of the high energy behavior of the resolvent such as Corollary 4.4 to consider similar reconstruction problems. 
that is, (H\R 3 ; C 2 )) by (4.10), and so, the operator K-LM~1L* with domain # 2 CR 3 ; C 2 ) has a bounded inverse:
In the same way as above it follows from (4.9) and (4.11) that M-L*K~1L with domain H 2 (R Z ; C 2 ) has a bounded inverse:
Lemma 4.5. Bounded operators X, Y, Z and W have strong limits as E -> ± °o;
4.15) s-lim W= (±cr-w)(2L(±o;)-2z£)~1(±or-a;).

£-*±oo
Proof of Lemma 4.5. We only give the proof of (4.12) and (4.14) for E^ ±°o f because the other cases can be treated similarly. In this proof, the notation A=B + 0 2 (E~^ means that || U-tfX-A + l)' 1 1|= 00E~J) as E^+°°. We write
K-LM~1L* = -c
and observe that
Now, noting that the Pauli matrices satisfy the following relation:
Thus, it is easily seen that
and hence, We write
The second term in the right-hand side goes to zero by (4.12) for / e L 2 (R 3 ; C 2 ), and the first term goes to zero by (4.19) if /e H\R* \ C 2 ) since II -M~1L* -(<7'&)) 115(^1(^3.^)^2^3.^))= O(E~1)-On the other hand, the operator norm of Z-(<7'o>)(2Z,(a>)-2ie)~l is uniformly bounded in E » 1, and hence (4.14) follows. D Proof. Since the scattering operator S is a unitary operator, the scattering matrices S(E) are unitary operator for a.a. £ €E Z, and hence
Taking account of Proposition 2.1, we get by (5.5) Accepting the following proposition for a while, we give the proof of Theorem 6.1.
Proposition 6.2.
There exists E 0 > 0 such that for any s with 1/2 < s < I the following estimates are valid. by (6.11) and Assumption 3. Fix/e C°°(E) with 0</< 1, f=Q(\x-l\> 1/2), f=l(\x-l\< 1/4).
Then it follows from the definition of V E that (6.13) M^.
(6.14)
for any E > E Q if E Q is sufficiently large. Using this lemma, we can obtain the following. and that the norm limit F 0 (£) := lim £io F £ (5) exists in /?(<%*). This completes the proof of (6.3). Next we prove (6.4). Taking account of (6.24) and (6.21), we integrate dK £ (E, d/E^/de to have (6.25) for E > E 0 , 0 < 6 < 1 and 0 < £ < £ 0 . for E > E Q , 0 < 6, 5' < I and 0 < e < e 0 . In virtue of (6.25) and (6.26), we get 
